Abstract. Let S n be the symmetric group of degree n where n > 5. Given any non-trivial a; b A S n , we prove that the product a Sn b Sn of the conjugacy classes a Sn and b Sn is never a conjugacy class. Furthermore, if n is odd and not a multiple of three, then a Sn b Sn is the union of at least three distinct conjugacy classes. We also describe the elements a; b A S n in the case when a Sn b Sn is the union of exactly two distinct conjugacy classes.
Introduction
Let G be a finite group, let a A G and let a G ¼ fa g j g A Gg denote the conjugacy class of a in G. Let X be a G-invariant subset of G, i.e. X g ¼ fx g j x A X g ¼ X for all g A G. Then X can be expressed as a union of n distinct conjugacy classes of G, for some integer n > 0. Set hðX Þ ¼ n.
For any a; b A G, the product a G b G ¼ fxy j x A a G ; y A b G g is a G-invariant set. In this note we explore hða G b G Þ when G is the symmetric group S n of degree n, and a G , b G are conjugacy classes of S n . We denote the identity of any group by e. Arad and Herzog conjectured that the product of two non-trivial conjugacy classes in a finite simple non-abelian group is never a conjugacy class [4] , i.e., if a; b 0 e, then hða G b G Þ 0 1. This has been proved in some cases [4] . In particular it has been proved for the alternating group A n : if n d 5 and a; b A A n nfeg, then hða A n b A n Þ d 2. In this note, we show that the symmetric group behaves similarly, and we give an explicit description of the minimum possible value of h. Theorem A. Let S n be the symmetric group of degree n, where n > 5, and let a; b A S n nfeg. Then hða S n b S n Þ d 2, and if hða S n b S n Þ ¼ 2 then either a or b is a fixedpoint free permutation. Assume that a is fixed-point free. Then one of the following holds:
(i) n is even, a is the product of n=2 disjoint transpositions and b is either a transposition or a 3-cycle;
(ii) n is a multiple of 3, a is the product of n=3 disjoint 3-cycles and b is a transposition.
Since for any group G and any a; b A G, we have
Corollary A. Fix n > 5. Let m be the least integer in fhða S n b S n Þ j a; b A S n nfegg. Then As for the maximum possible value of hða G b G Þ, John Thompson conjectured that given any finite non-abelian simple group G, there exists a conjugacy class C such that C 2 ¼ G (see [8] ). The conjecture has been proved for the alternating group A n with n d 5 (see [12] ). Since, given any a; b A S n , either a S n b S n J A n or a S n b S n J S n nA n , it follows then that there exists a conjugacy class C in S n such that hðC 2 Þ is the number of conjugacy classes of S n in A n and that is the largest possible value for hða S n b S n Þ. See [1] , [2] , [3] , [7] for examples of recent developments in products of conjugacy classes. The products of conjugacy classes of symmetric groups have been studied extensively, for instance in [5] , [9] , [10] , [11] and [13] .
The results of this paper were discovered by experimentation, using the computer algebra package MAGMA [6] .
Notation
Our notation depends on the following very well-known result. Lemma 1. Let a A S n . Then (a) a can be written as a product of disjoint cycles, and (b) a S n is the set of all permutations of S n with the same cycle structure as a.
The cycle structure of a permutation s is the multiset of the lengths of all disjoint cycles comprising s. We denote the cycle structure of s by TypeðsÞ. For example, Typeðð1 3Þð2 5 6Þð4Þð7ÞÞ ¼ f1; 1; 2; 3g. By Lemma 1, TypeðsÞ is well defined, and s is conjugate to t if and only if TypeðsÞ ¼ TypeðsÞ. 
Lemma 4. Let a; b A S r for r < n. We may consider a and b as elements of S n by defining their action to be trivial on r þ 1; . . . ; n. Suppose that Proof. For a positive integer k c n, we inductively define s k A S n such that a s k ðiÞ 0 bðiÞ for 1 c i c k. We take s 0 ¼ e. Suppose that s kÀ1 has been defined for some k > 0. We define s k as follows:
Case 2. Suppose that a s kÀ1 ðkÞ ¼ bðkÞ ¼ k. Let A be the subset of f1; . . . ; ng fixed by a a k and B the subset fixed by b. Since jAj þ jBj ¼ r þ s c n, and since k A A V B, there is some t A f1; . . . ; ngnðA U BÞ, and this t satisfies a s kÀ1 ðtÞ 0 t and bðtÞ 0 t. 
Proof. All elements of a S m b S m , considered as elements of S n , fix at least n À m points. Thus it su‰ces to show that some element of a S n b S n fixes fewer than m À n points. By replacing a and b by conjugates if necessary, by Corollary 6, we may assume that ab does not fix 1; . . . ; m, and that b does not fix m. and hence a ðm mþ1Þ b has n À m À 1 fixed points and the result follows. r Lemma 8. Let n > 3 be an integer. Then hðð1 2Þ S n ð1 2Þ S n Þ ¼ 3.
Proof. An element of ð1 2Þ S n ð1 2Þ S n has the form ði jÞðk lÞ, with i; j; k; l A f1; . . . ; ng and i 0 j, k 0 l. Depending on the size of the set fi; jg V fk; lg, the permutation ði jÞðk lÞ is conjugate to one of the following: ð1 2Þð1 2Þ ¼ e; ð1 2Þð1 3Þ ¼ ð1 3 2Þ; ð1 2Þð3 4Þ:
Thus the permutations in ð1 2Þ
S n ð1 2Þ S n are the identity, 3-cycles and the product of two disjoint transpositions. By Lemma 1 we then have hðð1 2Þ
S n ð1 2Þ S n Þ ¼ 3. r Remark 3. The example given by Lemma 8 shows that the hypothesis that a is fixedpoint free cannot be dropped from Lemma 7.
Lemma 9. If a; b A S 4 nfeg and hða S 4 b S 4 Þ ¼ 1, then up to conjugation we have fa; bg ¼ fð1 2 3Þ; ð1 2Þð3 4Þg.
Proof. This can be checked by hand, or by computer using e.g. MAGMA [6] . r Lemma 10. If a; b A S n nfeg then there exists a permutation g A S n such that g fixes at least one point and g A a S n b S n .
Proof. Since a; b A S n nfeg, by Lemma 1 we may assume that að1Þ ¼ 2 and bð2Þ ¼ 1. Thus abð1Þ ¼ 1 and the proof is complete. r Lemma 11. Let n d 5 and a; b A S n nfeg. If hða S n b S n Þ c 2 then hða S n b S n Þ ¼ 2, and at least one of a and b is a fixed-point free permutation.
Proof. Suppose that a; b A S n both fix a point and hða S 5 b S n Þ c 2. Because a and b fix some element, they can be considered as elements of S nÀ1 . Lemma 7 then implies that hða S nÀ1 b S nÀ1 Þ ¼ 1. If n d 6, we can assume the result for n À 1 inductively, and this is a contradiction. If n ¼ 5, we have by Lemma 9 that up to conjugation a ¼ ð1 2 3Þ and b ¼ ð1 2Þð3 4Þ. But in S 5 , we have ð1 2 3Þð1 2Þð3 4Þ ¼ ð1 3 4Þð2Þ, ð1 2 3Þð1 2Þð4 5Þ ¼ ð1 3Þð4 5Þ, ð1 2 3Þð1 4Þð2 5Þ ¼ ð1 4 2 5 3Þ, which are all in different conjugacy classes, and so hða Lemma 12. Let n d 7 and a; b A S n nfeg. If at least one of a and b has a cycle of length at least three and at least one of a, b is fixed-point free, then for some s A S n , the permutation a s b has exactly one fixed point.
Proof. Since a; b 0 e, after conjugation we may assume that að2Þ ¼ 1, bð1Þ ¼ 2. We have three cases:
(i) a and b both contain cycles of length at least three;
(ii) only a has a cycle length at least three;
(iii) only b has a cycle length at least three.
In these cases, illustrated in the diagram below, we may conjugate so that (i)
In all cases, abð1Þ ¼ 1 and abð2Þ 0 2. Now we proceed with the same inductive construction as in the proof of Lemma 5, starting at the step k ¼ 3, since a has already been conjugated so that abð1Þ ¼ 1 and abð2Þ 0 2. Case 2 of the procedure never occurs, since by assumption one of a or b is fixed-point free. When Case 3 occurs, we must conjugate by ðaðkÞ tÞ for some t B S, with S as in Lemma 5. Since jSj c 4 provided that n d 7, we can pick t B f1; 2g U S. Then the property abð1Þ ¼ 1 will be unaltered by replacing a by a ðaðkÞ tÞ . r Remark 5. Lemma 12 fails when n ¼ 6 and a ¼ ð1 2 3Þð4 5 6Þ, b ¼ ð1 2Þð3 4Þð5 6Þ. Up to conjugation and change of order, this is the only pair a, b in S 6 which satisfies the hypothesis, but for which the conclusion of Lemma 12 fails. The possible cases may be checked by hand or computer.
Lemma 13. Let a; b A S n nfeg be permutations. Assume that at least one of a and b is fixed-point free. If either (i) both a, b contain a cycle of length at least three, or
(ii) a, b have at least four non-fixed points, or (iii) both a, b contain a transposition, then there exists s A S n such that a s b has at least two fixed points.
Proof. We may assume, after taking conjugates, that a, b act on 1, 2, 3, 4 as in the following diagram, where lines indicate conditions on the mapping, e.g., in all cases að1Þ ¼ 2; if a line is not given, then no requirement is made.
Case (i). Case (ii). Case (iii).
In Cases (i) and (ii), 1 and 3 are fixed, and in Case (iii), 1 and 2 are fixed. r Corollary 14. If n d 6, a; b A S n and hða S n b S n Þ ¼ 2, then up to change of order of a, b, the permutation a is fixed-point free and one of the following holds:
(i) a contains a cycle of length at least three and b is a transposition;
(ii) a is a product of disjoint transpositions and b is a 3-cycle;
(iii) both a and b are products of disjoint transpositions.
Proof. By Lemma 11, one of a and b is fixed-point free, and by Lemma 3, without loss of generality we may assume that a is fixed-point free. By Corollary 6 and Lemmas 12, 13 and Remark 5, it follows that, unless we are in Cases (i), (ii), (iii), or unless n ¼ 6 and fa S 6 ; b S 6 g ¼ fðð1 2 3Þð4 5 6ÞÞ S 6 ; ðð1 2Þð3 4Þð5 6ÞÞ S 6 g, then a S n b S n contains elements with no fixed points, with exactly one fixed point, and with at least two fixed points. These are in di¤erent conjugacy classes from each other, and so the result follows, except when n ¼ 6 and fa S 6 ; b S 6 g ¼ fðð1 2 3Þð4 5 6ÞÞ S 6 ; ðð1 2Þð3 4Þð5 6ÞÞ S 6 g. In this remaining case, we can explicitly see that hða Therefore the result also holds for this case. r
Proof of Theorem A. By Lemma 11 the minimal value of h when a, b are non-trivial is at least 2, and by Lemma 8 it is at most 3. Corollary 14 gives three cases when the minimal value is 2.
Case (i). Suppose that b is a transposition and a is fixed-point free and contains a cycle of length at least three. Note that ð1 2 . . . rÞð1 2Þ ¼ ð2Þð1 3 . . . rÞ and that for s > r,
This implies that if TypeðaÞ ¼ fa 1 ; . . . ; a k g, then for 1 c i 0 j c k the set a S n b S n contains elements with cycle types TypeðaÞnfa i g U f1; a i À 1g and TypeðaÞnfa i ; a j g U fa i þ a j g;
(where these are all operations on multisets, not sets). If r > 3, observe that ð1 2 . . . rÞð1 3Þ ¼ ð1 4 . . . rÞð2 3Þ. Thus a S n b S n contains an element with cycle type TypeðaÞnfa i g U fa i À 2; 2g if a i > 3 for some i. So, if hða S n b S n Þ ¼ 2, we must have a i ¼ a j ¼ 3 for all j and so we are in Case (ii) of the theorem.
Case (ii). This is the second possibility of Case (i) of the theorem.
Case (iii). Suppose that b consists of at least two disjoint transpositions. Suppose that a ¼ ð1 2Þa 1 and b ¼ ð1 2Þb 1 , where a 1 , b 1 fix 1 and 2. As elements of S nÀ2 , a 1 is fixed-point free and b 1 contains a transposition, so by Corollary 6 and Lemma 13 a contain elements with no fixed points and elements with at least two fixed points. Composing these elements with ð1 2Þ gives elements in a S n b S n with exactly two fixed points and with at least four fixed points. On the other hand, by Corollary 6, a S n b S n contains elements with no fixed points. Since all of these elements are in di¤erent conjugacy classes, we have hða S n b S n Þ d 3. So, for h ¼ 2, we must be in the first possibility of Case (i) of the theorem.
Finally, it is easy to check that in the cases of the theorem, we do indeed have hða S n b S n Þ ¼ 2. r
